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Abstract 
Zero-Inflated Poisson model has found a wide variety of applications in recent years in statistical 
analyses of count data, especially in count regression models. Zero-Inflated Poisson model is cha-
racterized in this paper through a linear differential equation satisfied by its probability generat-
ing function [1] [2]. 
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1. Introduction 
A random variable X is said to have a zero-inflated Poisson distribution if its probability mass function is given 
by 
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Thus, the distribution of X is a mixture of a distribution degenerate at zero and a Poisson distribution with mean 
θ . 
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2. Probability Generating Function 
The probability generating function (pgf) of X is given by 
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( ) ( ) ( )11 e sf s θϕ ϕ −= + − . 
3. Characterization 
Let X be a non-negative integer valued random variable with ( )0 0 1P X< = <  and the pgf ( )f s . Then, the 
distribution of X is zero-inflated Poisson if and only if ( ) ( )f s a bf s′= + , where 0 1a< < , b are constants and 
( )f s′  is the first derivative of ( )f s . 
Proof: 
1) Suppose that X has a zero-inflated Poisson distribution specified in (1.1). Then the pgf of X is given by 
( ) ( ) ( )11 e sf s θϕ ϕ −= + −  
On differentiation, we get 
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( ) ( )1f s f sϕ
θ
′= + . 
Hence ( )f s  satisfies the linear differential equation 
( ) ( ).f s a bf s′= +                                   (2) 
2) Suppose that the pgf ( )f s  of X satisfies 
( ) ( ).f s a bf s′= +  
If 0b = , then ( )f s a=  and in turn ( ) ( )0 1f f a= = . By the property of the pgf, ( )1 1f a= = . But 
( ) ( )0 0f P X a= = = , which is not possible because ( )0 1P X = < . 
Therefore 0b ≠ . 
3) The Linear Differential Equation 
The linear differential equation ( ) ( )f s a bf s′= +  is of the form 
d
d
y Py Q
x
+ =  
where P  and Q  are functions of x . 
Then its solution is given by 
d de e dP x P xy Q x c∫ ∫= +∫ , 
where c is an arbitrary constant. 
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Here 
( ) ( )bf s f s a′ − = −  
( ) ( )1 af s f s
b b
′⇒ − = − . 
Hence 1P
b
= − , aQ
b
= − . 
Therefore the solution of the Equation (2) is given by 
( ) es bf s a c= + . 
We now extract the probabilities ( ) kP X k p= = , 0,1, 2,k =   using the above solution. 
Since ( )f s  is a pgf, 
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Since ( )1 1f = , it is easy to see that ( ) 11 e bc a −= − , 
We have 
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with aϕ =  and 1 bθ = . 
Therefore X has the pgf specified in Equation (1).                                               
References 
[1] Nanjundan, G. (2011) A Characterization of the Members of a Subfamily of Power Series Distributions. Applied ma-
thematics, 2, 750-751. http://dx.doi.org/10.4236/am.2011.26099  
[2] Nanjundan, G. and Ravindra Naika, T. (2012) An Asymptotic Comparison of the Maximum Likelihood and the Mo-
ment Estimators in a Zero-Inflated Poisson Model. Applied mathematics, 3, 610-617.  
http://dx.doi.org/10.4236/am.2012.36095  
